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Abstract
A beam optics scheme has been designed for the Future Circular Collider-e+e− (FCC-ee). The
main characteristics of the design are: beam energy 45 to 175 GeV, 100 km circumference with two
interaction points (IPs) per ring, horizontal crossing angle of 30 mrad at the IP and the crab-waist
scheme [1] with local chromaticity correction. The crab-waist scheme is implemented within the
local chromaticity correction system without additional sextupoles, by reducing the strength of one
of the two sextupoles for vertical chromatic correction at each side of the IP. So-called “tapering”
of the magnets is applied, which scales all fields of the magnets according to the local beam energy
to compensate for the effect of synchrotron radiation (SR) loss along the ring. An asymmetric
layout near the interaction region reduces the critical energy of SR photons on the incoming side of
the IP to values below 100 keV, while matching the geometry to the beam line of the FCC proton
collider (FCC-hh) [2] as closely as possible. Sufficient transverse/longitudinal dynamic aperture
(DA) has been obtained, including major dynamical effects, to assure an adequate beam lifetime in
the presence of beamstrahlung and top-up injection. In particular, a momentum acceptance larger
than ±2% has been obtained, which is better than the momentum acceptance of typical collider
rings by about a factor of 2. The effects of the detector solenoids including their compensation
elements are taken into account as well as synchrotron radiation in all magnets.
The optics presented in this paper is a step toward a full conceptual design for the collider. A
number of issues have been identified for further study.
PACS numbers: 29.,29.20.db,29.27Bd,
∗ email: Katsunobu.Oide@kek.jp
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I. REQUIREMENTS AND PARAMETERS
The FCC-ee is a double-ring collider to be installed in a common tunnel of ∼100 km
circumference, as a potential first step before the FCC-hh hadron collider. The beam energy
covers a range extending at least from the Z-pole (45.6 GeV/beam) to the tt production
threshold (175 GeV/beam). The design limits the total SR power at 100 MW, 50 MW
for each beam, thus the stored current per beam varies from 1.45 A at the Z to 6.6 mA
at the tt. This design assumes that the magnet strengths simply scale with the energy,
except for the detector solenoid, which will be kept constant at all energies together with
the compensation solenoids. A full horizontal crossing angle of 2θx = 30 mrad, together
with a crab-waist scheme, is implemented at each IP for all energies, as proposed in Ref. [3].
The crossing angle of 30 mrad is sufficiently large to separates the beams and to provide
the necessary condition for the crab-waist scheme. The critical energy of photons on the
incoming side of the IP has been set to below 100 keV at tt, from the dipoles upstream up
to ∼500 m from the IP, and the radiation power from these magnets is about 1 kW. The
study of how much radiation can be tolerated by the particle detectors has not yet finished,
therefore at this stage we assume similar levels as what was experienced at LEP2, where the
critical energy toward the IP was ∼80 keV from the last dipole [4].
This FCC-ee collider ring must have enough DA to store the colliding beam, whose
energy spread is drastically increased by beamstrahlung [5, 6], and to maintain the beam
current considering the beam lifetime and the ability of the top-up injection scheme [7]. In
particular, the dynamic momentum acceptance must be larger than ±2% at tt to guarantee
a sufficiently long beam lifetime in the presence of beamstrahlung [8]. A similar momentum
acceptance would be required at lower energies, if top-up injection in longitudinal phase
space is needed.
Table I shows the machine parameters. The optics simply scales with the energy. The
minimum achievable β∗x,y are (0.5 m, 1 mm) at all energies, and the values should be chosen
to maximize the luminosity performance at each energy. Actually the luminosity gain of
(0.5 m, 1 mm) compared to (1 m, 2 mm) is estimated to be small at tt as shown in Table I,
and β∗x,y = (1 m, 2 mm) is considered to be the baseline at tt.
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Table I. Machine parameters of FCC-ee. The beam optics simply scales with beam energy. The val-
ues in parentheses correspond to optional cases at each energy. The bunch lengths, the synchrotron
tunes, and the RF bucket height shown here are examples corresponding to the RF voltages in the
footnotes, and subject to further luminosity optimization.
Circumference [km] 99.984
Bending radius of arc dipole [km] 11.190
Number of IPs / ring 2
Crossing angle at IP [mrad] 30
Solenoid field at IP [T] ±2
`∗ [m] 2.2
Local chrom. correction y-plane with crab-sextupole effect
Arc cell FODO, 90◦/90◦
Momentum compaction αp [10
−6] 6.99
β-tron tunes νx/νy 387.08/387.14
Arc sextupoles 292 pairs per half ring
RF frequency [MHz] 400
Beam energy [GeV] 45.6 175
SR energy loss/turn [GeV] 0.0346 7.47
Longitudinal damping time [ms] 440 8.0
Polarization time [s] 9.2× 105 1080
Current/beam [mA] 1450 6.6
Bunches/ring 30180 (91500) 81
Minimum bunch separation [ns] 10 (2.5) 2000
Total SR power [MW] 100.3 98.6
Horizontal emittance εx [nm] 0.86 1.26
εy/εx with beam-beam [%] 0.6 0.2
β∗x [m] 0.5 (1) 1 (0.5)
β∗y [mm] 1 (2) 2 (1)
Energy spread by SR [%] 0.038 0.141
Bunch length by SR [mm] 2.6a 2.4b
Synchrotron tune νz −0.0163a −0.0657b
RF bucket height [%] 2.3a 11.6b
Luminosity/IP [1034/cm2s] 210 (90) 1.3 (1.5)
a for RF voltage Vc = 88 MV
b for RF voltage Vc = 9.04 GV
II. LAYOUT
The schematic layout of the FCC-ee rings is shown in Fig. 1. The basic geometry just
follows the current layout of the FCC-hh ring [9]. The e+e− rings are placed side by side.
In the arc sections, the center of the e+e− rings is exactly placed on the center of the hh-
rings, while these are offset by about 1 m in the straight sections, except for the interaction
region (IR). The layout in the IR is greatly constrained by the requirement on the incoming
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synchrotron radiation. To implement a crossing angle at the IP, the beam must come from
the inner ring to the IP, then be bent strongly after the IP to merge back close to the
opposing ring. Thus the IP of the e+e− rings is displaced towards the outside relative to
the hh-beam. The magnitude of the displacement of the IP depends on the limit of the
critical energy of photons hitting the IP. The design shown in Fig. 1 has a displacement of
9.4 m. Therefore in th IR, e+e− beams separate from the hh-beam line reaching a maximum
deviation of 11.9 m at around ±400 m from the IP. The outgoing beam returns to the hh-
beam line at around ±1.2 km from the IP. For this region a wide tunnel or double tunnels
are needed. These separation distances can be reduced if the criteria for the SR are relaxed,
as shown in an alternative design [10]. The shift of the IP allows installing the booster
synchrotron along the hh-beam line so as to bypass the e+e− detector.
FCC-hh layout
A. Bogomyagkov (BINP) FCC-ee crab waist IR 13 / 24
FCC-hh
11.9 m
30 mrad
9.4 m
FCC-hh/
Booster
RF RF
IP (A)
IP (G)
0.6 m
L B
H F
J D
Figure 1. The left figure shows the schematic layout of the FCC-ee collider rings. The two rings are
horizontally separated by 0.6 m in the arc, and their center is placed on the center of the FCC-hh
hadron rings. The straight sections correspond to the hadron ring, shown in the right figure. Two
IPs are located in the straight sections A and G, and the RF sections are located in D and J. There
exist intermediate straight sections B, F, H, L in the arcs. Beams cross over in the RF sections.
The south IP (G) is shown enlarged in the middle of the left figure. The green line indicates the
FCC-hh beam line, along with also the e+/e− booster synchrotron for FCC-ee can be placed.
At each IP, the beam must come from the inside. Thus the beams must cross over
somewhere between the IPs. This is naturally done if we have the RF cavities common to
both beams, which is especially beneficial in the case of tt. If only a half of each ring is filled
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by bunches, each beam passes the cavities without seeing the other beam. As the number
of bunches per ring are 80 for the tt, much less than the number of RF buckets (∼133,400),
such a filling scheme is not an issue. Moreover, the RF cavities are loaded with the two
beams in succession, keeping the transient loading low. At lower energies, such a common
RF is not necessary, and a simple crossing without interaction can be implemented.
III. BEAM OPTICS
A. Arc
The arc optics consists of 90◦/90◦ FODO cells as shown in Fig. 2. Two non-interleaved
families of sextupole pairs, with a −I transformation between sextupoles, are placed in
a supercell consisting of 5 FODO cells. This scheme has been applied successfully at B-
factories for more than 15 years [11]. The number of cells is determined by the equilibrium
horizontal emittance, resulting in 292 independent sextupole pairs per half ring. So far we
have assumed a complete period 2 periodicity of the ring optics. The length of quadrupoles
must be chosen by considering the power consumption as well as the effect of the synchrotron
radiation on the DA, which is discussed in Appendix C. As the non-interleaved sextupole
scheme cancels the primary transverse nonlinearity from the sextupoles [12], the resulting
on-momentum horizontal dynamic aperture reaches 70σx at the Z energy as shown in Fig.
6(b). At the tt energy, however, the peak disappears due to the SR loss in the quadrupoles
(Fig. 6(a)).
There is a possibility to use a combined function dipole magnets for the arc cell to reduce
the number of cells in the arc, while maintaining the same horizontal emittance. A study
described in Appendix A demonstrates a reduction in the number of cells by about 30% for
a field gradient in the dipoles that changes the longitudinal damping partition from 2.0 to
0.6.
B. IR
One of the challenges of beam optics for the FCC-ee collider is providing the dynamic
aperture with small β-functions at the IP down to β∗x,y = (0.5 m, 1 mm). Although these
6
Figure 2. The beam optics of the arc unit cell of FCC-ee. Upper and lower plots show
√
βx,y
and dispersions, respectively. Here we show a supercell consisting of 5 90◦/90◦ FODO cells. The
horizontal/vertical sextupoles SF1.1/SD1.1 are paired with SF1.2/SD1.2 via −I transformations.
values are still higher than those in modern B-factories [13], the associated vertical chro-
maticity around the IP is comparable, since the distance, `∗, from the face of the final
quadrupole magnet to the IP is much longer than those in B-factories. Also especially at
the tt energy, the beamstrahlung caused by the collisions requires a very wide momentum
acceptance of ±2%. The transverse on-momentum dynamic aperture must be larger than
∼ 15σx to enable top-up injection in the horizontal plane.
Figure 3 shows the optics of the IR for β∗x,y = (1 m, 2 mm). It has a local chromaticity
correction system (LCCS) only in the vertical plane at each side of the IP. The sextupole
magnets are paired at each side, and only the inner ones at (b,c) have nonzero horizontal
dispersion [14]. The outer ones at (a,d) do not only cancel the geometrical nonlinearity of
the inner ones, but also generate the crab waist at the IP by choosing their phase advance
from the IP as ∆ψx,y = (2pi, 2.5pi), as described in Appendix B. The incorporation of the
crab sextupoles into the LCCS saves space and reduces the number of optical components.
The beam lines at the interaction region are separate for the two beams. There are no
common quadrupoles in the IR. So far `∗ is chosen to be 2.2 m, which is sufficient for two
independent final quadrupoles with a 30 mrad crossing angle. Also `∗ = 2.2 m has been
accepted by the physics detector group as a working assumption [15]. This is the subject
of further study depending on the detailed design of the detector and its interface with the
machine. The solenoids are common for two beams, and they are locally compensated with
7
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(a) (b) (d)(c)
      
(e)
Figure 3. The beam optics of the FCC-ee IR, corresponding to β∗x,y = (1 m, 2 mm). Upper and
lower plots show
√
βx,y and dispersions, respectively. The beam passes from the left to the right in
this figure. The optics is asymmetric to suppress the synchrotron radiation toward the IP. Dipoles
are indicated by yellow boxes, and those in region (e) have a critical energy of the SR photon below
100 keV at the tt. Sextupoles for the LCCS are located at (a–d), and sextupoles at (a,d) play the
role of crab sextupoles.
counter solenoids to cancel
∫
Bzdz between the IP and each face of the final quadrupole, as
shown in Fig. 4. No vertical orbit, vertical dispersion, and x-y couplings leak to the outside
for any particle at any energy. So far we have assumed such a perfect compensation. The
final quadrupoles have a field gradient of 100 T/m, and the detector field at the locations
of the quadrupoles is canceled by additional shielding solenoids, which completely remove
the longitudinal field on the quadrupoles. We assume a step-function profile of the solenoid
field as shown in Fig. 4. A complete conceptual analysis of all magnetic elements around
the IP has be performed [16], which verifies the effect on the optics is minimal. The vertical
emittance is increased due to the fringe field of the compensating solenoid in combination
with the horizontal crossing angle. The increase becomes largest at the Z energy as we
assume that the solenoid field is independent of the beam energy. The increase of the
vertical emittance is below 0.2 pm, for 2 IPs, with the step-function profile assuming 10 cm
for the length of fringe. The realistic component analysis also gives comfortably smaller
value of than the design emittance at collision.
The critical energy of SR photons from the dipoles up to 500 m upstream of the IP is set
below 100 keV at tt. There is no dipole magnet before the IP up to 100 m upstream.
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IP
QC1R
QC2R
QC1L
QC2L
Figure 4. The beam optics of FCC-ee around the IP . Plots show
√
βx,y (top), horizontal/vertical
dispersions (middle), and the solenoid field (bottom), respectively. QC1/QC2 denote the verti-
cal/horizontal focusing quadrupoles. The distance `∗ between the face of QC1 and the IP is 2.2
m. The vertical dispersion is locally confined.
C. RF section and other straight sections
Figure 5 presents the beam optics for the half ring. The RF sections are located in the
straight sections J and D in Fig. 1. At tt, an acceleration voltage of ∼4.5 GV is needed, so
the length of the RF section would be about 1 km. Both beams pass through a common
RF section. A combination of electrostatic separator and a dipole magnet deflects only
the outgoing beam so as to avoid SR toward the RF cavities. The quadrupoles within the
RF section are common to both beams, but are still compatible with the overall tapering
scheme, if their strengths are chosen symmetrically.
The usage of the intermediate straight sections in the middle of the arc has not been
determined. Some of them can be used for injection, dump, collimation, etc. The current
optics for them have not been finalized.
IV. DYNAMIC APERTURE
The dynamic aperture (DA) for the optics described in this paper has been estimated
using the computer code SAD [17], considering a number of effects listed in Table II. Among
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IP
(a) (b)
RF RF
Figure 5. The beam optics of the FCC-ee half ring, corresponding to β∗x,y = (1 m, 2 mm).
Upper/lower plots show
√
βx,y and horizontal/vertical dispersions, respectively. These plots start
and end in the middle of the RF sections, and the IP is located at the center. Sections marked by
(a,b) correspond to the intermediate straight sections B, F, H, L in Fig. 1.
them, synchrotron radiation plays an essential role. While the radiation loss in dipoles
improves the aperture, especially at tt, due to the strong damping, the radiation loss in
the quadrupoles for particles with large betatron amplitudes reduces the dynamic aperture.
This is due to the induced synchrotron motion through the radiation loss as described in
Appendix C. This effect is mostly noticeable in the horizontal arc quadrupoles. Thus the
length of the arc quadrupoles must be sufficiently long. The final focus quadrupole has the
similar effect on the vertical motion in the case of β∗y = 1 mm due to the large βy and the
strong field gradient in the quadrupole.
The DA has been optimized by going through the settings of sextupoles using particle
tracking with a downhill simplex method scripted within SAD. All effects in Table II are in-
cluded in the optimization, except for radiation fluctuation, which requires a large number of
samples of random numbers and cannot be taken into account with the available computing
resources. The effect of radiation fluctuation is evaluated separately after the optimization,
as discussed in Appendix D. Figure 6 shows a result of such an optimization. The goal of
the optimization is to maximize the figure of merit F as defined below at each beam energy
in the z-x plane. The results are shown in Fig. 6(a) and (b) for tt and Z energies. The
transverse apertures, Fig. 6(c) and (d) are just the result of the optimization in the z-x
plane.
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Table II. Effects taken into account in the estimation of the dynamic aperture.
Effect Included? Significance at tt
Synchrotron motion Yes Essential
Radiation loss in dipoles Yes Essential – improves the aperture
Radiation loss in quadrupoles a Yes Essential – reduces the aperture
Radiation fluctuation b Yes Essential
Tapering Yes Essential
Crab waist Yes transverse aperture is reduced by ∼ 20%
Solenoids Yes minimal, if locally compensated
Maxwellian fringes [18] Yes small
Kinematical terms Yes small
Higher order fields/errors/misalignments No
Essential, development of
correction/tuning scheme is necessary
a See Appendix C
b not included in the optimization, see Appendix D
The DA shown here is obtained from the survival of particles in a set of initial conditions
with a finite amplitude starting at the middle of the RF section, which is the middle point
between IPs. A set of initial coordinates are chosen in the z-x plane as
z1ik = (i/nxAxσx, 0, i/nxAxσy, 0, Azσδ cos(kpi/2nz)) , (1)
z2ik =
(
0, i/nxAxσpx , 0, i/nxAxσpy , 0, Azσδ cos(kpi/2nz)
)
, (2)
where i and k are integers running from −nx,z through nx,z, respectively, and the coefficients
Ax,z are the maximum amplitudes to investigate. The two sets z1ik and z2ik above correspond
to the apertures ∆x and ∆px in Fig. 6(a,b), respectively. The parameters used to produce
the results in Fig. 6(a/b) were nx = 50/50, nz = 15/15, Ax = 25/65, and Az = 15/52,
respectively, which gave 6,262 initial condition combinations of z1ik and z2ik. The figure of
merit F for the optimization is expressed as
F =
∑
k
sup {i2 − i1|S(z1ik) ∧ ∀i ∈ [i1, i2]}+ sup {i2 − i1|S(z2ik) ∧ ∀i ∈ [i1, i2]} , (3)
where S(z) is that the particle starting with the initial condition z survives after the specified
number of revolutions. Thus the cosine-distribution in the momentum direction in Eqs. (1,2)
gives more weight towards the extremities of the momentum acceptance.
The resulting DA satisfies the requirements for both beamstrahlung and top-up injection,
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at least without field errors and misalignments. We have assumed that the booster injects
a beam with the same εx as the collider ring and with εy/εx = 10%. The optimization
must be done for each setting of β∗x,y, β-tron tunes, and the beam energy. The number
of initial conditions that can be studied is basically limited by the available computing
resources. A larger number is always better, but when we doubled nz and the number
of revolutions from Fig. 6, the change in the resulting DA was tiny. Also a beam-beam
simulation including lattice and beamstrahlung indicates that the DA is sufficient to hold
the beam with beamstrahlung at tt as discussed below.
±2%
±15σx
(a)
±15σx
±30σy
(c)
±2%
±15σx
(b)
±15σx
±18σy
(d)
175 GeV, β*x,y = (1 m, 2 mm) 45.6 GeV, β*x,y = (0.5 m, 1 mm)
Figure 6. Dynamic apertures after an optimization of sextupoles via particle tracking. (a, c):
β∗x,y =(1 m, 2mm), 50 turns at tt, (b, d): β∗x,y =(0.5 m, 1mm), 2,650 turns at Z. (a, b): z-x plane
with Jy/Jx = 0.2% for (a) and 0.5% for (b). (c, d): x-y plane with δ = ∆ε = 0. The aperture
was searched both in (a,b) x and px or (c,d) y and py directions. The initial conditions are chosen
according to Eqs. (1,2). The number of turns is chosen to correspond to about 2 longitudinal
damping times at each energy. The blue lines show the DAs required for the beamstrahling and
the top-up injection. Effects in Table II are taken into account except for the radiation fluctuation
and the beam-beam effect.
So far all sextupole pairs have been used independently in the optimization, thus the
degree of freedom for the optimization is nearly 300. The periodicity of super period 2 of
the ring is kept. It has not been verified whether the large number of sextupole families is
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really necessary. Solutions with fewer families have also been investigated [10, 21].
One of the goals of this design is to ensure sufficiently large dynamic aperture and mo-
mentum acceptance in presence of beamstrahlung. A study was done [19] using a model of
strong-weak beam-beam interaction implemented in SAD, which simulates a realistic photon
spectrum of beamstrahlung [20]. The simulation was done at the tt energy including the
lattice and all the effects listed in Table II up to the design beam intensity. No particle loss
was observed with the β∗x,y = (1 m, 2 mm) lattice, when tracking 10,000 macro particles
for up to 4,000 turns, which corresponds to a beam lifetime τ & 3 hours. This lifetime is
much longer than that given by other processes such as radiative Bhabha scattering, which
is ∼57 minutes with the luminosity in Table I, using the cross section σee ≈ 0.15 b obtained
by BBBREM [22] for 2% momentum acceptance. In the case of β∗x,y = (0.5 m, 1 mm), the
lifetime with beamstrahlung becomes 40 minutes, and the total lifetime is still within the
capacity of the top-up injection. Thus the dynamic aperture of the design satisfies the re-
quirement, that is not significantly affected by beamstrahlung at least without any machine
errors.
V. REMAINING ISSUES
The design of optics presented in this paper is a basic step toward the design of the
FCC-ee circular collider. There are a number of issues remaining to be addressed, such as:
• Development of correction/tuning schemes for the emittance and the dynamic aperture
to mitigate the possible higher-order fields, machine errors, and misalignments.
• Development of practical algorithm for the optimization of a large number of sextupole
families, under the presence of machine imperfection and its time variation.
• Further studies on beam-beam effects with machine imperfections.
• Refinement of the IR region considering the machine-detector interface.
• Iterations taking into account progressively more complete hardware designs of the
RF, vacuum chambers, magnets, beam instrumentation, etc.
• Development of the injection scheme and associated optics. See also Ref. [7].
• Detailed study of the beam background for the physics detector as well as development
of the collimation system with associated beam optics.
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VI. CONCLUSIONS
1. We presented the design for a highest-energy circular e+e− collider (FCC-ee) with
ultra-low β∗ of 1 mm and more than ±2% dynamic momentum acceptance.
2. This design features a local chromatic correction for the vertical plane. The dynamic
aperture was optimized by varying the strengths of about 300 independent −I sex-
tupole pairs in the arcs.
3. A crab-waist scheme was implemented by reducing the strength of an existing sex-
tupole in the chromatic correction section with proper betatron phases, instead of
adding another dedicated sextupoles.
4. Synchrotron radiation is accommodated by tapering the magnet strengths in the arcs,
and by a novel asymmetric IR/final-focus layout.
5. The RF system is concentrated in two straight sections. A common system provides
maximum voltage for tt running, where operation requires only few bunches. Two
separate RF systems, one for either beam, are used at lower beam energies.
6. The optics was designed to match the footprint of a future hadron collider (FCC-hh)
along the arcs. Due to the asymmetric IR layout the e+e− IP is displaced transversely
by about 9 m from the hadron IP. This allows a lepton detector to be installed in the
same cavern.
7. The optics, the footprint, and the dynamic aperture are compatible with a top-up
injection mode of operation based on a full-energy booster ring installed in the same
tunnel and, in the IR, following the path of the hadron collider ring.
14
Appendix A: Lattice with Combined Function Dipole
Using combined function dipoles is a well-known method for controling the equilibrium
horizontal emittance, momentum compaction factor, etc. by changing the damping partition
number. Figure 7 plots the variation of several parameters of a unit cell, as functions of the
longitudinal damping partition Jz with a fixed horizontal emittance and phase advances. As
shown in this figure, reducing Jz from a flat dipole (Jz = 2) makes `D longer, which means a
longer cell length and fewer cells in a ring. The associated larger αp provides a longer bunch
length for a given voltage, which is favorable for the beam-beam performance, especially at
the Z. It also makes σε larger, which relaxes the enlargement ratio due to beamstrahlung.
The larger σε, however, will reduce the level of transverse polarization, which is essential for
the beam energy calibration at the Z and WW energies.
  
Figure 7. Variation of the momentum compaction factor αp, momentum spread σε, length of
the dipole magnet `D, and focusing strengths of dipole, horizontal/vertical focusing quadrupoles
kD,QF,QD (= B
′`/Bρ) of 90◦/90◦ FODO cell as functions of Jz. The horizontal equilibrium emit-
tance is fixed equal to εx = 1.25 nm at 175 GeV.
Table III shows a comparison of the effects on the lattice design between flat and Jz = 0.6.
The resulting design seems to have merits, except for the larger energy spread affecting the
beam energy calibration capability. The number of cells, thus of quadrupole is reduced
by about 30%. The total synchrotron radiation loss reduces by 10%, due to the improved
packing factor of dipoles, resulting in 10% higher luminosity for a give SR power. The larger
horizontal dispersion at the sextupoles should improve dynamic aperture. This lattice still
maintains a capability for tuning, as two quadrupoles remain in a cell. Further study is
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needed for the machine tolerance and tuning as well as the technical design of the combined-
function dipole magnet.
Table III. Comparison between a lattice with combined (Jz = 0.6) and flat (Jz = 2) dipoles at tt.
The bold faces highlight the merits of the combined dipole scheme.
Jz 0.6 2
Number of FODO cells 1062 1442
Length of dipole `D [m] 33.9 23.1
Horizontal dispersion at SF [cm] 29.6 16.3
One turn energy loss U0 [GeV] 7.09 7.74
Momentum spread σε [%] 0.24 0.14
Momentum compaction αp [10
−6] 12.8 7.2
Bunch length σz [mm] 5.0 2.4
RF voltage Vc [GV] 9.6 9.4
synchrotron tune νz −0.10 −0.068
Appendix B: Use of Sextupoles in the Chromatic Correction System for Crab Waist
The crab-waist scheme shifts the vertical waist of a beam by
∆s = − x
∗
2θx
, (B1)
as shown in Fig. 8. We use superscript ∗ for the variables at the IP. Thus the associated
transformation is
y∗ → y∗ − p∗y∆s = y∗ +
p∗yx
∗
2θx
, (B2)
which is expressed as exp(: H∗ :) with a Hamiltonian at the IP:
H∗ =
x∗p∗2y
4θx
. (B3)
If the phase advances between the IP and a sextupole (“crab sextupole”) are:
∆ψx = 2pi and ∆ψy = 2.5pi , (B4)
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then the variables at the IP (x∗, p∗y) can be expressed in those at the crab sextupole (x, y):
x∗ =
√
β∗x
βx
x, p∗y =
y√
β∗yβy
. (B5)
Thus the Hamiltonian at the IP is equivalent to a Hamiltonian at the crab sextupole:
H =
xy2
4θxβ∗yβy
√
β∗x
βx
, (B6)
which can be approximated by a Hamiltonian of a sextupole:
Hs =
k2
6
(
x3 − 3xy2) , (B7)
by setting
k2 = − 1
2θxβ∗yβy
√
β∗x
βx
. (B8)
The x3 term in Eq. (B7) brings only minor effect in the x-plane at the IP. The nonlinearity
produced by the crab sextupole is absorbed by another crab sextupole located in the other
side of the IP, which also has the sane phase relation as Eq. (B4). For the optics with
β∗x,y = (1 m, 2 mm), k2 = −0.85 m−2. Then the crab sextupoles at (a,d) in Fig. 3 becomes
about 30% weaker than the chromatic sextupoles (∼2.5 m−2) at (b,c).
IP
Figure 8. The crab-waist scheme: Two beams cross at the IP with a horizontal crossing angle 2θx.
The crab-waist scheme shifts the vertical waist of a beam (solid) in s-direction by ∆s onto the
center of the other beam (dashed).
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Appendix C: Effect of Synchrotron Radiation in Quadrupoles on Dynamic Aperture
The synchrotron radiation power can be expressed as
P ∝ γ2B2` , (C1)
where γ, B, ` are the Lorentz factor, transverse magnetic field, and the length of the field,
respectively. Let us assume a particles is performing horizontal β-tron oscillation with
amplitudes at the quadrupoles:
xQF = ∆x cos(ψQF), xQD = ∆x
√
βxQD
βxQF
cos(ψQD) , (C2)
through a periodic FODO lattice consisting of focusing/defocusing quadrupoles QF/QD. In
Eq. (C2), ψQF,QD are the β-tron phases at the quadrupoles. Then the average radiation
powers in these quadrupoles are written as
〈PQF〉 ∝ γ2 〈(kQFBρ/`QFxQF)2〉 `QF = γ
2
2`QF
(kQFBρ)
2∆x2 , (C3)
〈PQD〉 ∝γ2 〈(kQDBρ/`QDxQD)2〉 `QD = γ
2
2`QD
(kQDBρ)
2βxQD
βxQF
∆x2 , (C4)
where `QF,QD and βxQF,QD are the lengths and the horizontal β-functions of the quadrupoles,
and kQF,QD = B
′
QF,QD`QF,QD/Bρ. The average over quadrupoles 〈〉 is taken by Eq. (C2).
Similarly the average radiation loss in dipoles per a FODO cell is written as
〈PD〉 ∝ γ2(Bρθc/`c)2`c = γ
2
`c
(θcBρ)
2 , (C5)
where θc and `c are the bending angle and the length of a FODO cell. Here we assume the
cell is fully filled by the dipoles and ignored the thickness of quadrupoles and other spaces.
Let us calculate the ratio of radiation losses in quadrupoles and dipoles per unit FODO
cell, which contains one QF and QD each. Using Eqs. (C3–C5),
〈PQ〉
〈PD〉 =
〈PQF〉+ 〈PQD〉
〈PD〉 =
`c
2θ2c
(
βxQF
k2QF
`QF
+ βxQD
k2QD
`QD
)
n2εx ≡ RQn2εx , (C6)
where we have used n ≡ ∆x/σx = ∆x/
√
βxQFεx. Then the relative radiation loss per ring
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∆PQ due to quadrupoles is obtained as
∆p1 =
∆PQ
E
= −U0
E
RQn
2εx = −2αz
Jz
RQn
2εx, (C7)
where U0, αz, and Jz are the radiation loss and synchrotron damping rate per revolution,
and the longitudinal damping partition number. It is possible to express the parameters
kQF,QD and βxQF,QD in Eq. (C6) in terms of `c, once the β-tron phase advances of the FODO
are chosen. In the case of the 90◦/90◦ as in this design, they are written by a thin-lens
approximation as
kQF = −kQD = 2
√
2
`c
, βxQF =
(
1 +
1√
2
)
`c, βxQD =
(
1− 1√
2
)
`c, (C8)
then we get
RQ =
2
√
2
θ2c
(√
2 + 1
`QF
+
√
2− 1
`QD
)
, (C9)
which is independent of `c. As the horizontal betatron motion induces the energy loss of
Eq. (C7), the associated synchrotron motion peaks at the 1/4νs-th turn with an amplitude
∆p =
∆p1
2piνs
exp(−αz/4νs) = αz
piνsJz
RQn
2εx exp(−αz/4νs) , (C10)
where νs = |νz| is the absolute value of the synchrotron tune. We have neglected the effect
of transverse damping in Eq. (C10). If we plug in the numbers for this design at 175 GeV
listed in Table IV, we obtain
∆p1 = −0.58σε and ∆p = −1.38σε (C11)
with n = 10, which agrees with the tracking simulation shown in Fig. 9.
Table IV. Parameters related to the synchrotron radiation loss in the quadrupoles.
αz 0.0427 νs 0.0546
Jz 1.98 εx [nm] 1.26
θc [mrad] 4.27 σε [%] 0.141
`QF [m] 3.5 `QD [m] 1.8
The synchrotron motion caused by the synchrotron radiation in the quadrupoles has
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Figure 9. Poincare´ plots in x-px (left) and z-δ (right) planes for a particle starting at x = 10σx,
px = y = py = z = δ = 0, depicted by the red dots. The numbers, 0, 1, 2 are turns. The
synchrotron radiation loss in the quadrupoles excites the synchrotron motion as shown in the
right plot. The amount of the energy loss in the first turn ∆p1, and the peak amplitude of the
synchrotron motion ∆p agrees with the estimation, Eq. (C10).
a significant impact on the dynamic aperture at 175 GeV. This kind of effect has been
already noticed at LEP2 [23]. The dynamic aperture without radiation in the quadrupoles
has a sharp peak for the on-momentum particles due to the non-interleaved sextupoles. The
synchrotron motion associated with the radiation in the quadrupoles, however, destroys such
a peak, as no particles with large horizontal amplitude stay on-momentum. This situation
is explained by Fig. 10.
Figure 10. The dynamic aperture in the z-x plane without(left)/with(right) synchrotron radiation
in the quadrupoles at 175 GeV. The parabolas on the left show the amplitude of the synchrotron
motion given by Eq. (C10). For a value of n = ∆x/σx, if an unstable region exists within these
parabolas, then the motion larger than n becomes unstable.
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Appendix D: Effect of radiation fluctuation on dynamic aperture
The effect of the radiation fluctuation on DA is studied by adding a random component on
the radiation loss at each magnet. Since the number of photons per revolution is ∼21,000 at
tt, we assumed that a random number corresponding to the expected value of photon energy
spread is enough for the simulation. We did not simulate the full quantized photon emission,
including the randomness in the emission timing and exact photon energy spectrum, to save
computation time.
Figure 11 shows the DA estimated at tt for 100 samples for the fluctuation in a similar
way as described in Sec. IV. The aperture corresponding to 50% stable samples is more or
less similar to that without fluctuation. This is expected, as 50% of the particles will be
lost if they started at a rigid physical aperture. The 100% stable aperture still satisfies the
requirements for the DA in this design.
Figure 11. The dynamic aperture in the z-x plane at 175 GeV, β∗x,y = (1 m, 2 mm), with syn-
chrotron radiation fluctuation. The lines correspond to the aperture where 75% of 100 samples
were stable for 50 turns. The error bars indicate the range of stability between 50% and 100% for
100 samples. The case without fluctuation is plotted in Fig. 6(a).
On the other hand, the width between 50% and 100% stability reaches to ∼5σx at nearly
all energy deviations, which is larger than na¨ıvely expected in the case of a physical aperture
with a simple diffusion/damping model. We did not analyze the problem in detail, but a
possible explanation is that there could be a number of unstable orbits in the phase space
around the grid points surveyed by the tracking. The optimization of DA may try to shift
such unstable orbits away from the surveyed orbits, but they can still exist in the near
21
region. Thus particles can hit such unstable orbit by the radiation fluctuation, and once
they hit the unstable orbit, the growth rate can easily exceed the radiation damping. The
density of such unstable orbits should naturally shrink as the amplitude becomes small.
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